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Abstract-Three fu~dament~ theoretical flow models including Oseen type rectilinear flow, potential flow, 
and Oseen’s viscous flow approbation, are developed for forced convection heat transfer to parabolic 
cylinders and paraboloids of revolution which are relevant to dendritic growth. Closed-form results are 
obtained and presented in terms of Nusselt numbers at the stagnation point which are related to downstream 
values by analytical expressions. The heat flux from paraboloids of revolution is much larger than that for 
parabolic cylinders, especially at smaller values of the Peclet number. Local expressions for the heat flux are 
consistent with the shape preserving growth of these configurations as isothermal dendrites in forced 
convection fields. Diiusion of momentum and energy extends to si~cantly greater distances into the flow 
for parabolic cylinders than paraboloids of revolution. Boundary-layer assumptions would lead to large 
errors for the conditions studied here. especially for low Pr fluids. The results are useful for describing the 

diffusion of mass also. 
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unit vectors 
heat transfer coefficient 
thermal conductivity 
Norma to the interface 
Nusselt number, hR/k 
pressure 
Peclet number, U,R/a 
Prandtl number, v/u 
tip radius 
Reynolds number, U,R/v 
temperature 
velocity components 
freestream velocity 
coordinate axes 
reduced coordinate axes. 

Subscripts 

P potential flow 

W wall or interface 
CO far from the body 
x, y, z, g, q, $ directions. 

INTRODUCTION 

DENDRITES are reported to grow as platelets and 
needles for which the best approx~ations of the shape 
are parabolic cylinders and paraboloids of revolution, 
respectively. In many cases, dendrites grow by trans- 
ferring the latent heat from their interfaces to the 
undercooled melt. Thus, by calculating the heat 
transfer rate from the interface of the dendrite one can 
predict its growth rate providing the growth rate is 
controlled by heat transfer to the melt. Sometimes 

Greek symbols growth rates are affected also by kinetic and/or mass 

Superscipts 

thermal diffusivity of the liquid 
dimensionless temperature 
viscosity of the liquid 
parabolic coordinate axes 
density of the liquid. 

perturbed velocity. 

* To whom correspondence should be directed. 

transfer e&cts especially when the melt is a solution 
(a mixture) from which only one component is 
incorporated into the growing crystal, e.g. ice growth 
from salt water. 

The first successful attempt to predict theoretically 
the heat transfer rate from needle-shaped crystals was 
made by Ivantsov Cl]. He proved that a steady-state 
solution exists for a needle-shaped isothermal crystal 
growing in a shape preserving manner in an under- 
cooled melt where molecular diffusion is the only 
mode of heat transfer. Horvay and Cahn f2] extended 
Ivantsov’s result to parabolic cylinders and elliptic 
paraboloids. However, dendritic growth rarely 
occurs without an accompanying fluid flow. In the 
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cooled melt flow patterns may occur due to gravity or 
by forced convection mechanisms. 

Very few forced or natural convection heat transfer 
results exist for parabolic cylinders and paraboloids 
of revolution. Huang [3], made boundary layer 
calculations, in which conduction along streamlines 

was neglected, for natural convection heat transfer 
from the stagnation region of a parabolic cylinder. 
Squire [4] has given a method for calculating the forced 
convection heat transfer from the stagnation region of 
any cylinder, and other articles, for example Frossling 

[S], are available which also include boundary-layer 
theory calculations for forced convection heat transfer 

from cylinders and bodies ofrevolution, but this work is 
not applicable to low Peclet number flows. 

Crystal growth phenomena under forced convec- 
tion conditions have been studied experimentally by 
Barduhn et al. (see refs. [3, &lo]), Simpson et al. [l 1, 
121 and Fujioka [13] who observed ice crystals to grow 

as elliptic paraboloids with an aspect ratio of7&100for 
which a good approximation is a parabolic cylinder 
with a tip radius of the order of l-10 pm. Due to the 
small dimension of the crystals, the Reynolds and 

Peclet numbers are very low and for such situations no 
forced convection heat transfer analyses exist in the 
literature which include conduction along streamlines. 
The purpose ofthis paper is to develop some useful heat 
transfer results for low Reynolds number flows over 
parabolic cylinders and paraboloids of revolution. 
These results are calculated from the new solutions 
which are developed here for the three flow fields given 

below : 

(1) Oseen type rectilinear flow approximation 

(ORFA); 
(2) Oseen’s viscous flow approximation (OVFA); 

(3) potential flow approximation. 

It is shown that closed-form exact solutions exist 

which satisfy the partial differential energy equations 

(26), (34), (76), (78) (87) and (88), which apply to all three 
how fields and both configurations, and which also 

satisfy all four boundary conditions given in equations 
(27) (35) or (77) for all six cases at q = 0 and q -+ cc as 
well as < = 0 and 5 + K!. Therefore, these solutions 
which are functions of 4 only, are valid throughout the 

entire domain of both 5 and q. 
It should be noted that one obviously can use the 

present results to calculate dendritic growth rates and 
tip radii in the same way as boundary-layer results have 
been used by Fernandez and Barduhn [6] wherein 
the maximum growth principle was employed. The 
application of the present results and others which 
we have developed to predict dendrite behavior is a 
separate topic that is now under active consideration in 
our laboratory from both maximum growth and 

stability viewpoints. 

THEORY 

The ORFA was used initially by Cole and Roshko 
[ 141 for a circular cylinder. The flow field is assumed to 

be constant and such that the fluid does not react to the 
body at all. This assumption is good for very low 
Reynolds number flows of low Prandtl number lluids. 
Moreover, if the Reynolds number is small due to the 
small characteristic dimension of the body, this implies 
that most of the fluid will be moving at the undisturbed 

freestream velocity, U,;, and if the Prandtl number is 
small most of the resistance to heat transfer lies in the 
undisturbed fluid stream. 

The differential equation for heat transfer with Oseen 
type rectilinear flow is given by 

I! I, . Vi = XV+. 

and the boundary conditions are 

(11 

t = t, on the body, 
(2) 

t = t, far from the body. 

The approximation that II = I_, seems to give fairly 
good results for heat transfer from circular cylinders to 

air (Pr = 0.7) at low Reynolds number (<< 1) as shown 
by Cole and Roshko [14] and their result is exactly the 

first-order term of the matched asymptotic expansion 
solution of Hieber and Gebhart [15] for the Nusselt 
number for a circular cylinder at low Reynolds and 
Peclet numbers. Their second-order term was negative 
and rather small. Thus, Cole and Roshko’s result gives a 
reasonably accurate and simple approximate solution. 

Since all real fluids have finite viscosity, OVFA, 
which is valid for low Reynolds number flows, was 
determined. It includes viscous and first-order accel- 
eration effects. The result presented here is valid 
for all Prandtl numbers. First, the flow field is deter- 
mined with Oseen’s approximation and then the 
velocity field thus obtained is used to solve for the heat 
transfer results. The validity of the results obtained 
depends on how accurately the flow field is represented 

by Oseen’s approximation. 
Comparison of the results obtained by using the 

OVFA to calculate the skin friction with Davis and 
Werle’s [16] numerical solution for a paraboloid of 
revolution shows that they agree fairly well up to Re 
= 1.0. 

With OVFA the differential equation and boundary 
conditions for any geometry are given by 

V* u = 0 (continuity), (3a) 

U, . VU = - ! VP+ vV2u (momentum transfer), 
P (3b) 

u*Vt = crV2t, (energy) (4) 

u = 0, t = t, on the body, 
15) 

u=u,, t = I, far from the body. 

The flow field was solved first by Wilkinson [ 171 for 
both parabolic cylinders and paraboloids of revolution. 
However, he presented only the method of solution. He 
did not give the expression for the velocity explicitly. In 
the present work, the results are provided in a more 

complete form. 
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The potential flow approximation is valid for high 
Reynolds number flows of low ,Prandtl number fluids 
like liquid metals in which dendritic growth is of great 
practical importance. For these cases, the thermal 
boundary layer is much thicker than the momentum 
boundary layer, and outside the momentum boundary 
layer, potential flow exists. Hence, most of the resist- 
ance to heat transfer lies in the region where the flow 
field closely approximates potential flow. 

With the potential flow assumptions, the governing 
differential equation and the boundary conditions for 
any geometry are 

u;Vt = cmt, 

t = t, on the body, 

far from the body, t = t, 

(6) 

(7) 

where up is the potential flow velocity. 
Figures l(a) and (b) show the configurations con- 

sidered here. 
Because the body is of the form of a parabolic 

cylinder (two-dimensional) or a paraboloid of revol- 
ution (three-dimensional), it is convenient to use 
parabolic coordinates which is an orthogonal curvi- 
linear coordinate system. 

Parabolic cylinders [Fig.l(a)] 
For the parabolic cylinder, the following transform- 

ations are made 

f = x = (52 - $)/2, 

f= z =I& 

Y -_=Y=Y 
R 

Under the transformation of equation (8), the surface 
of the body is represented as rl = 1, - 1 and the domain 
outsidethebodyisgivenby0 < 5 G co, -cc G r~ < co, 
excluding-l<q<l,and-co<Y<co. 

The relations between unit vectors in Cartesian 
coordinates to those in parabolic coordinates for a 
parabolic cylinder are given by 

ex = J((!+ r12) e< - J(r’:v2) ev (9) 

ez = \/(*:+v2)eS+ &:+I12)ev. (10) 

The scale factors are given by 

h, = h, = R J(r” + tj’), 

h, = R. 

(11) 

(12) 

The heat equation is given by 

% J(i_:+,Z); +% J(t21+r12); +‘Y; 

=R(S2~r12)[$+$]+~-$. (13) 

If t is not a function of Y, then the Y-derivative terms 
drop out. 

The x-derivative, which is to be used explicitly, is 
given by 

a 58 qa -= 
ax 52+f+ at (52+q2) af (14) 

Paraboloid of revolution [Fig. l(b)] 

(8) The equations for the three-dimensional transform- 
ation needed for a paraboloid of revolution are 

x/R = X = (<’ -q2)/2, 

y/R = Y = 5~ sin 4, (15) 
z/R = Z = 51 cos qb. 

FIG. l(a). Forced convection heat transfer from parabolic 
cylinders. The surface of the parabolic cylinder is represented 

FIG. l(b). Forced convection heat transfer from paraboloids of 

byq= land -1. 
revolution. The surface of the paraboloid of revolution is 

represented by q = 1. 
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Under these transformations, the surface of the body 
is given by r] = 1, and the whole domain outside the 
body is given by 1 < 9 < co, 0 < 5 < co, 0 < 4 < 2n. 

The relations between unit vectors in Cartesian 

coordinates and those in parabolic coordinates are 
given for a paraboloid of revolution by 

(16) 

(17) 

9 cos 4 

ez = J(52+)12)e:+ &2+$) ‘I 
’ ‘OS ’ e + sin 4e,. (18) 

The scale factors are given by 

h, = h, = R,/(t2 + $), 

h, = R&. 

The convection equation is given by 

(19) 

(20) 

+ &$ 
1 

(21) 

The r$ dependent terms drop out due to symmetry. 
The x-derivative, which is used explicitly is given by 

a i: c? YI a 
E=(52+-,4&’ 

(22) 

ANALYSIS, RESULTS AND DISCUSSION 

For both configurations the body is stationary, and 
is represented by r~ = 1, and the fluid flow is in the 
x-direction such that the tip of the parabola is 
the stagnation point. The body surface is at the 
temperature t, and the freestream is at t OO. Heat transfer 
occurs from the body to the fluid in dendritic growth in 
subcooled melts. 

Oseen type rectilinearflow approximation (ORFA) 
Parabolic cylinder. For the configuration given in 

Fig. l(a), equation (1) and the boundary conditions 

[equation (2)] can be written as 

2 2 

ii +$-Peg=O, 2 (23) 

where 

U,R 
X=x/R, Z = z/R, Pe=-- 

a ’ 
(24) 

and 

22-l 
6 = 1 on the body, i.e. at X = 2 

(25) 
8= 0 far from the body. 

Equations (23) and (25) can be changed to parabolic 
coordinates with the help of equations (8H14) 

[$ f $I-Pe[tt --q$] = 0, (26) 

and the boundary conditions become : 

at V) = 1; 0 = 1 body temperature, 

at q --j cc ; 0 -+ 0 freestream temperature, 

ae 
at 5 = 0; - = 0 due to symmetry, 

(27) 

85 

as 5 --) cc ; B is finite. 

The solution to equation (26) which satisfies equation 

(27) is given by 

t-t, 
(J-----z 

erfc {JUWhl 
tw--t, erfc {J(Pe/2)} 

(28) 

Defining the heat transfer coefficient by the ratio of 

the total heat flux to the temperature difference, one 
obtains 

at 

where at/an lg = 1 is the normal temperature gradient at 
the interface of the body, and U, is the component of 
velocity vector U, normal to the interface of the body. 

In equation (29), the first term on the RHS is the 
diffusive heat flux from the body and the second term is 
the convective heat flux. The convective term arises 
because the fluid passes right through the body. U, can 

be estimated by taking the dot product of Uooex with e,. 
Equation (9) is useful in obtaining the expression for Ij,. 
Using equations (9) and (28) in equation (29). one 

obtains 

Nu(<) = !!! = -- 
k ,/(h 

2Pe M > 
e-Pe/2 

X 
T erfc(d(Pe!2))-Pe ' 

I 

(30) 

where Pe = U,R/a. If the heat transfer coefficient in 
equation (30) had been defined in terms of only the 
diffusive contribution at the interface, then the last term 
in equation (30), -Pe, would not appear. 

The ORFA is valid for low Reynolds and Prandtl 
number flows which implies the Peclet number (Pe) is 
low, and one can neglect the second term in the brackets 
on the RHS of equation (30). For example, for 
Pe = 0.01 

2Pe J( > 
emPe!2 

---. = 0.085, 
7t erfc {J(Pe/2)} 
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which is much bigger than Pe. So for low Peclet 
numbers, equation (30) becomes 

&ru -F - (1+<2)-W E \i( > 
e-Pe/2 

A erfc {#e/2))’ f31) 

At the stagnation point (r = 0) equation (31) gives 

&!!L 2Pe A-) 
e-Pe/2 

k n erfc jJ(Pe/2)j’ 
(32) 

Although thephysic~situation~thOFRAistotally 
different, the mathematical solution is seen here to be 
identical to that for pure conduction with a moving 
boundary as solved by Horvay and Cahn [2]. 

Paraboloid of revolution. For the configuration given 
in Fig. l(b), equation (1) and the boundary conditions, 
equation (2), become 

t = t, on the body, i.e. at f = C(Y2+z~‘R2’T ‘, 

and 

t = t, far from the body. 

Changing to parabolic coordinates by use of 
equations (19-o-(2), making equation (33) dimension- 
less, and neglecting &‘?I# terms due to s~etry, one 
obtains 

with 

atq=l;e=l, 

asq+co;#-cO, 

at 5 = 0; g = 0 (symmetry), 

(35) 

as g + co ; B is finite, 

where Pe = U,R/z. 
The solution of equations (34) and (35) is given by 

where E,(x) is the exponential integral and is given by 

E,(x) = 
s 

41 e-’ 
- dt. 

X t 
(37) 

Defining the heat transfer coetkient by equation (29) 
and using equations (36) and (16) in equation (29), one 
obtains 

2e-Pe’2 Nu(,,+!L1-.__ 
k ._I’( I+ r2) E,(Pe/2) -pem (3g) 

At the stagnation point r = 0, the Nusselt number is 
given by 

Nu _ E 2eepe’* 
------Pe. 

k &(Pe/2) 
WI 

Figure2 compares the result given by equations (32) 
and (40), where ( - Pe) in equation (40) is dropped, and it 
shows the effect of shape on the heat transfer coefficient. 
One sees that the heat transfer coefficient for a para- 
boloid of revolution is much larger than that for a 
parabolic cylinder, especially at smaller values of Pe. 
The smaller differences at higher Peclet numbers occur 
because convection plays a more important role in heat 
transfer, and the convection field, as considered here, 
is unaikcted by the presence of the body, this be- 
comes clear if one substitutes CV3/X = ~?~$/a<~ = 0 in 
equations (26) and (34), and compares the resulting 
equations for high values of Pe when l/q << Pe q 
because q 3 1. Thus, one can neglect l/q in equation 
(34) at high Pe and the resulting equations become 
identical and yield identical results. Equations (32) and 
(40) aremore accurate at low Peclet numbers. However, 
in Fig. 2 the results are extrapolated up to a Peclet 
number of 1 for illustrative purposes. 

Oseen’s visco~s~ow a~~roxi~tio~ (OVFA) 
Here Oseen’s viscous flow approximation is applied 

to parabolic cylinders and paraboloids of revol- 
ution. First, it is necessary to solve for the velocity 
distributions because explicit expressions are not 
available. For these cases [shown in Figs. l(a) and (b)] 
the differential equations and the boundary conditions 
[equations (3a) and (3b)] and equation (5) can be 
written as 

a”+d”+a”=O, 
a~ ay a2 (411 

‘O’/ 

q”yo_L i0+ i 

Pe12 = (U,R)/2a 

FIG. 2. Nusselt number at the stagnation point vs Peclet 
number of parabolic cylinders and paraboloids of revolution 

with ORFA. 
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Here, u, u and w are the components of the velocity 
vector II in the x-, y-and z-directions, respectively, and p 
is the pressure. The boundary conditions are 

u = 0, c = w, 0 on the body, (45) 

u=Uxr 2) = w = 0 far from the body. (46) 

Now if we let 

u = U, -u’, (47) 

where u’ is the perturbed velocity vector whose 
components are u’, II’, and W’ along x-, y- and 
z-directions, respectively, the boundary conditions 
become 

li = u,, v’ = w’ = 0 on the body, (48) 

u’ = D’ = w’ = 0 far from the body, (49) 

and equations (41)-(44), after the transformation 
X = x/R, Y = yJR, Z = z/R, and Re = U,,Rh, are 

(50) 

If M and N are defined such that 

c:M 1 ciN 
u’=~+R---~-N, 

t?M 1 ciN 
v’=-+-- 

c’y Re t?Y’ 

aM 1 I?N W’ = __..._ + _ _) 
i?Z Re t?Z 

and 

p= __!gReE!!, 

(54) 

(55) 

(56) 

equations (50) and (53) are satisfied only if equations 
(58) and (59) are satisfied 

(58) 

Hence, the solution to Oseen’s viscous flow equation 

boils down to solving equations (58) and (59) with the 
boundary conditions of equations (48) and (49). 

Equations (58) and (59) are transformed to parabolic 
cylinder and paraboloid of revolution coordinates by 
using equations (1 lH22). Here, the Y-component for 
the parabolic cylinder and the +-component for the 
paraboloid of revolution vanish. The equations so 
obtained are given below: 

For a parabolic cylinder, equations (58) and (59) 
become 

(W 

For a paraboloid of revolution they become 

(62) 

The solutions of equations (60)-(63) are given below : 

For the parabolic cylinder 

M = A?+& 

s 

‘I 
N = C, e- Wet212 dt f C,. 

0 

(64) 

(65) 

For the paraboloid of revolution 

M = A log t!-tB, 

r e ̂ . &A’:2 
iv = c, _..-f _ ~_ dr + CZ, 

et 

(66) 

(47) 

where A, B, C, and C, are the constants of integration. 
The expressions for M and N were substituted into 

equations (54)-(56). The resulting expressions were 
made to satisfy the boundary conditions, equation (48) 
at P) = I and equation (49) at r/ ---) 7-‘, by choosing the 
proper values of the constants A, B, Cl and C,. The 
perturbed velocity (u’, u’,w’) so obtained is used in 
equation (47) to give the expression for the actual 
velocity. The expressions for the velocity are given 
below : 

For parabolic cylinders, the results in terms of e, and 
e, unit vectors are 

erfc (j(Re/2)qj 

erfc {&W2)) - “i-‘2- (5 1~ ) 

e-Re/2_e--“e”~:2 

vj(nRe/2) erfc (J(Re/2)) 

i 

e-K”:2_e- RFqz!Z 
x ~ _... -..-__-.-- e,. (68) 

J(n Ke/‘L) erfc (J(Re!‘l)i 1 



For paraboloids of revolution the velocity vector is 

u=Um l- 
[ 

2 
e-Re/2_e-Req2/2 

WY + t1’) WW) 
-Fe=400 
---Re=010 

0.6 -.- Fle = 0.01 

&We t1’/2) - 
E,(Re/2) ex 1 04 (. 

5 sin 4 e-Re/* _e-Re~‘/* 

1 
I 

2u, 0.2 i 

+ Re 45*+$) E,(Re/2) ey ,.,I 
2u.n < cos 4 e-Re/2_e-Re~2/* 

1 

0 200 400 600 800 

+ Re q(5* +r/*) El(Rd2) 
% (69) 7 

FIG. 3. Velocity profile around parabolic cylinder with OVFA. 
In equations (68) and (69), the coefficients ofe,, ey and 

e, are u, v and w, respectively, and u = ue, + uey + we,. 
One can use equations (9) and (10) in equation (68) 

and equations (16)(18) in equation (69) in order to Inequations(70)and(73),asq + co,~~andu,become 

obtain u for parabolic cylinders and paraboloids of U,t/J(t* + q*) and - V,q/J(Y* +v*), respectively. 

revolution. The expressions so obtained are given These are the components of U, along the c- and r]- 

below : directions. In the heat transfer analysis it will be seen 
that only u,, is needed for both parabolic cylinders and 

For parabolic cylinders the results in terms of ey and paraboloids of revolution. Hence, Figs. 3 and 4 are 
e, unit vectors are plotted to show the variation of u,, with respect to q for 

l- 
erfc {JWePh) different values of Re (0.01, 0.1, 1) for the parabolic 

erfc (J(Re/2)} 1 er 
cylinder and the paraboloid ofrevolution. In the plot, u,, 
is normalized with respect to its freestream value, i.e. 
- u ,r]/ J(r” + q*). Both Figs. 3 and 4 show that for low 
Reynolds numbers the momentum diffuses to a larger 

1 e-Re/2_e-Re42/2 

1 
distance from the surface of the body, so ‘the boundary 

-- 

er (70) 

layer’ is thicker. The diffusion of the momentum is 
q ,/(n Re/2) erfc {,/(Re/2)} larger for parabolic cylinders than it is for the 

Consequently paraboloids ofrevolution for the same Re. However, for 
both configurations, the diffusion of momentum 

1 (71) extends to distances into the fluid which are much ’ greater than the characteristic dimensions of the body 

and 

1 e-Re/2_e-Req2/2 
equation for parabolic cylinders is obtained as 

-_ 

q J(z Re/2) erfc {,/(Re/2)} 1 . (72) erfc { J(Re/2)q} 8~9 1 [ _ _ rl 
For paraboloids of revolution erfc {JUW)) X 

1 _ erfc { JWW 
erfc {JQW)) 

1 -- 
tl J(n~;;~~{;;:f,2,,lt = A[$ + $1’ 

e-Re/2_e-Req2/2 
-~- 1 (76) % 

Therefore 

and 

where 0 = (r-_J/(t,-rt,), and Pe = U,R/u. The 

(73) boundary conditions are : 

(1) at q = 1; 0 = 1, 

&W r1*/2) 
1 

(74) 
(2) as q -+ co ; 0 + 0, 

ElUW2) ’ (77) 

% = - J(;yq2) 
(3) at t:=O;g=O, 

(4) as Lj -+ co ; e is finite. 
2 e-Re/2_e-Re,,2i2 x 1 _ EdRe v*P) 

MW2) $Re 1 . (75) 
Similarly, using equations (74) and (75), in equation 

EdReI2) (21) and dropping out &J dependent terms, the energy 

“MT 27:s~0 

Forced convection heat and momentum transfer to dendritic structures 1351 

which makes it very tenuous to try to apply boundary 
layer assumptions. 

Substituting equations (71) and (72) in equation (13) 
and dropping out the Y dependent terms, the energy 
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-- Re= i.00 
--- Re-0.40 

-‘- Re = 0.04 

FIG. 4. Velocity profile around paraboloids of revolution with OVFA 

equation for the paraboloid of revolution is obtained as 

E,{Rey2/2) ~30 

E,{Re/2) ,-’ ‘- 1 1 EIIRev2/21 
ElfRe/21 

2 e-Rr12_e-Re+/2 80 
____ 

Rev2 l- E,(ReI2) h 

1 a20 1 ae &I 1 au 
=-[-+FZ+p+;G. (78) 

Pe 85’ / I 

Equations (77) also represent the boundary conditions 

for equation (78). The solutions for both parabolic 
cylinders and paraboloids of revolution are of the same 
f&m and canbe given as 

s 

X 

t-t, 
exp 

/j_=L 

ew 

where 

F-5: f(Z) dzI “y, 
F/:f(z)dz]dy 

(79) 

and 

1 ,-Re/Z_,-Rez*/2 

- z J(n Re/2) erfc {J(ReI2)j_ 1 (*‘) 

(for the parabolic cylinder), 

E,(Re 2’12) 

E,(W2) _ 

2 e-Rr:2_e-Re:L12~ 

z2 Re 
---I (81) 

E ,(Re/2) 

(for the paraboloid of revolution*). 

* For the paraboloid of revolution 

f 
Y f(z) dz = I+[1 -e-““‘/E,(Re/2)] 
1 

+[l/Pr-2e m”‘:2/E,(Re/2)] In 1 

+ y [1 -E,(Rey2/2)/E,(Re/2)] 

The temperature profiles, 0 vs 9, for some selected 
values of Re (0.1 and 1.0) and Pr (0.01, 1,10) are plotted 
in Figs. 5 and 6 for both geometries. One can see that at 
lower Pr, the temperature profile extends to a larger 
distance from the body and the ‘thermal boundary 
layer’ is thicker. At Pr = 0.01, it extends beyond the 

distance up to which momentum diffuses. One can 
compare Figs. 3 and 4 with Figs. 5 and 6 to verify this. 
Under these circumstances boundary-layer assump- 
tions would lead to especially large errors, and mis- 
leading results. 

The Nusselt number is defined by the heat flux 
expression given by 

h(t,-t,,) = 4; = -k(t,-t,,) au 
R,K2 + r1’) aq ,,= 1’ 

WI 
‘1-l 

for both geometries, and using equation (79) in 
equation (82), one obtains 

for both parabolic cylinders and paraboloids of 
revolution. Hence, the Nusselt number at the 
stagnation point (5 = 0) is given by 

Equations (83) and (84), with equation (80), give Nu for 
the parabolic cylinders, and with equation (Sl), they 
give Nu for paraboloids of revolution. 

Figures 7 and 8 give the plot of Nusselt number at 
the stagnation point vs Reynolds number for various 
Prandtl numbers for paraboliccylinders. Figure 9 gives 
the same plots for paraboloids of revolution. For both 
configurations the heat transfer results for high Prandtl 
number fluids are more sensitive to Reynolds number 
than for low Prandtl number fluids. Comparing Figs. 7 
and 9, one can see how much the shape of the body 
affects the heat transfer results. Clearlv. the Nu are 
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- Re=4.O,Pr=40.00 
--- Re=(.O,Pr= 4.00 
.....t’ Re= 4.0, Pr= 0.04 
-.- Re=O.4,Pr=40.00 
-..- Re=O.4,Pr= 4.00 

‘..._ ‘.., 
.‘..., 

‘.._._ 
‘....._ 

.‘...__ 
“.._,_ 

FIG. 5. Temperature profile around parabolic cylinders with OVFA. 

- Re= 1.0, Pr=tO.oo 
--- Rs=t.O,Pr= t.00 

..Re=t.O,Pr= O.Ot 

I:.: ;:::::;Jy$J _,,,, 

<;y- . . . . . ...__.........,,,, 

‘\ 
“1. 

‘1.. 
I 

2 3 4 5 

?1 

FIG. 6. Temperature profile around paraboloids of revolution 
with OVFA. 

larger for paraboloids of revolution; especially at high 

Pr and low Re. 

Potentialjlow approximation 
The potential flow velocity up for parabolic cylinders 

is given by Van Dyke [ 183 and that for paraboloids of 
revolution is given by Mime-Thomson [19]. In the 
present work, their potential flow velocity expressions 
are modified to represent the flow field for the con- 
figurations given in Figs. l(a) and (b). They are 

(for parabolic cylinders), 

2.0 - 

4.0 - 

0.0 
0.04 0.40 4.00 

Re = &R/U 

FIG. 7. Nusselt number at the stagnation point vs Reynolds 
number for parabolic cylinders with OVFA. 

0.26 - 

0.0 
0.40 

Re = lJ_R/u 

FIG. 8. Nusselt number at the stagnation point vs Reynolds 
number for parabolic cylinders with OVFA (low Prandtl 

number results). 

and 

(for paraboloids of revolution). 

In equations (85) and (86), the coefficient of eC is up< 
and that of e, is up,, because up = up5 e<+u,, e,. By 

Re = U,R/v 

FIG. 9. Nusselt number at the stagnation point vs Reynolds 
number for paraboloids of revolution with OVFA. 



1354 SACHINDKA KUMAK DASH and WILLIAM N. GILL 

using the values of LI,~, up,, from equation (85) in 
the convection equation for parabolic cylinders, and 
making the resulting equation dimensionless. one 
obtains 

The dimensionless potential flow convection 
equation for heat transfer to paraboloids of revolution 

is given by 

The boundary conditions for equations (87) and (88) 
are the same as equations (77), and the solutions are 
given below in analytical form 

H= t--t,- = erfc [J(G)(q- I)] (89) 
t,--t, 

(for parabolic cylinders), 

t-t, T(Pe/Z, Pe ~~12) 
0 = ~ = ._~~~~ 

1,--t,, I?( Pr/2. Pe/2) 
(90) 

(for paraboloids of revolution). 

where the incomplete gamma function, T(u. x) is 

defined by 

s 

* 
r(a, x) = em’ tam’ dt; a > 0. (91) 

X 

Defining the Nusselt number by equation (82) and 

following the identical procedure used before, one 
obtains for parabolic cylinders 

which at the stagnation point becomes 

Nu zz !!; = (93) 

For paraboloids of revolution, the Nusselt number is 

given by 

4tW _ 1 
Nu(t) = k 

2(pe,2)l”:2 e I’?‘2 
_~ ___ ~~ ~~~ 

- %/( 1 + c2) r(Pe/& PC/~) ’ 
(94) 

which at the stagnation point becomes 

Nu = 5 = 2(Pe/2)“‘* e- pciz __~~ ~__ 
k r( h/2, Pej2) 

(95) 

Figure 10 represents the expression for the Nusselt 
number for both parabolic cylinders and paraboloids of 
revolution, as given by equations (93) and (95). 

Again it is seen that the Nusselt number for 
paraboloids of revolution is much larger than that for 
parabolic cylinders, especially at smaller values of Pe. 

to-P- ’ I 

m3 40-Z 40- ’ 400 40' 
Peclet Number = (U,R/a 1 

F‘IG. 10. Nusselt number at the stagnation point vs Pecle! 
number for parabolic cylinders and paraboloids of revolution 

with the potential flow approximation. 

SUMMARt 

Analytical solutions have been obtained for con- 
vective heat transfer to parabolic cylinders and para- 
boloids of revolution which should be useful in various 
applications including developing further our under- 
standing of the effects of convection on dendritic 
growth. For all flow models studied, heat transfer rates 

to paraboloids of revolution are substantially higher 
than to parabolic cylinders, especially at lower values of 
the Peclet number. 

It is noteworthy that the behavior ofthe heat flux as a 
function of position along the surface of the isothermal 
body is consistent with it growing in a shape preserving 
manner if heat transfer is the controlling mechanism. 
The results obtained here can be generalized from 

constant to variable surface temperature bodies by 
using the Duhamel superposition theorem. 

Using the OVFA it is shown that the diffusion of 

momentum and energy extends to large distances 
(compared to the tip radius of the body) into the fluid 
stream, and therefore boundary layer type analyses 
would be tenuous at best especially for liquid metals, 
Consequently we have determined solutions for 
velocity and temperature distributions which do nof 
include boundary-layer approximations. 

Acknowledyements~~~This work was supported in part by NSF 
grant CPE 8112519. Part ofthecontribution ofW.N.Gill was 
made while on leave as Murphy Distinguished Professor at 
Iowa State l_Jniversity. 

I. 

2. 

3. 

4. 

5. 

REFERENCES 

G. P. Ivantsov, Dokl. Akud. Nnuk USSR 58, 561 (1947). 
Translation by G. Horvay in General Electric Report No. 
60-RL-2511M (1960). 
G. Horvay and J. W. Cahn. Dendritic and sphcroltl,il 
growth, Acta Metall. 9, 695-705 (1961). 
J. S. Huang, The effect of natural convection in ice crystal 
growth in salt solution, Ph.D. dissertation, Syracuse 
University, Syracuse, New York (1975). 
H. B. Squire, As reported by S. Goldstein, Morlrrr~ 
Droelopments in Fluid Mechanics, Vol. 2. Oxford 
University Press, Cambridge, Massachusetts (193X). 
N. Frossling, Evaporation, heat transfer and velocity 
distribution in two-dimensional and rotationally sym- 
metrical laminar boundary layer flow, N.A.C.A. Tech- 
nical Memorandum 1432 (1958). 



Forced convection heat and momentum transfer to dendritic structures 1355 

6. 

I. 

8. 

9. 

10. 

11. 

12. 

R. Fernandez and A. J. Barduhn, The growth of ice in 13. 
flowing water and NaCl solutions, Ph.D. dissertation, 
Syracuse University, Syracuse, New York, and De- 
salination 3,33&342 (1967). 14. 
J. M. Poisot, The linear growth rate of ice crystals in 
flowing subcooled water, M.S. thesis, Syracuse Uni- 
versity, Syracuse, New York (1968). 
J. P. Kallungal, The growth of single ice crystal parallel to 15. 
the A-axis in subcooled quiescent and flowing water, 
Ph.D. dissertation, Syracuse University, Syracuse, New 
York (1974). 16. 
J. P. Kallungal and A. J. Barduhn, Growth rate of ice 
crystals in subcooled pure water, 4.I.Ch.E. JI 23,294303 
(1977). 17. 
J. G. Vlahakis and A. J. Barduhn, Growth rate of an ice 
crystal in flowing water and salt solutions, A.1.Ch.E. JI 20, 
581-591(1974). 18. 
H. C. Simpson, G. C. Beggs, J. Deans and J. Nakamura, 
The growth of ice crystals, Desalination 14, 341-357 
(1974). 19. 
H. C. Simpson, G. C. Beggs and J. Deans, New theories of 
the A-axis growth of ice crystals, Int. J. Heat Mass 
Transfer 18, 615-621 (1975). 

T. Fujioka, Study of ice growth on slightly undercooled 
water, Ph.D. dissertation, Carnegie-Mellon University, 
Pittsburgh, Pennsylvania (1978). 
J. Cole and A. Roshko. Heat transfer from wires at 
Reynolds numbers on the Oseen’s range, in Proc. Heat 
Transfer Fluid Mech. Inst., pp. 13-23. University of 
California, Berkeley, California (1954). 
C. A. Hieber and B. Gebhart, Low Reynolds number heat 
transfer from a circular cylinder, J. Fluid Me& 32,21-28 
(1969). 
R. T. Davis and M. J. Werle, Numerical solutions 
for laminar incompressible flow past a paraboloid of 
revolution, AIAA J. 10, 12241230 (1972). 
J. Wilkinson, A note on the Oseen approximation for 
paraboloids in a uniform stream parallel to its axis, Q. J. 
Mech. Appl. Math. 8,415421 (1955). 
M. Van Dyke, Higher approximations in boundary layer 
theory. Part 3. Parabola in uniform stream, J. Fluid Mech. 
19, 145-159 (1964). 
L. M. Milne-Thomson, Theoretical Hydrodynamics. 
Macmillan, London (1938). 

CONVECTION THERMIQUE FORCEE ET TRANSFERT DE QUANTITE DE MOUVEMENT 
POUR DES STRUCTURES DENDRITIQUES (CYLINDRES PARABOLIQUES 

ET PARABOLOIDES DE REVOLUTION) 

RCumC-Trois modeles theoriques fondamentaux in&ant le type d’ecoufement rectihneaire dOseen, 
l’ecoulement potentiel et I’approximation du fluide visqueux dOseen, sont developpes pour le transfert 
thermique par convection forcee a des cylindres paraboliques et des parabolo’ides de revolution qui 
representent une croissance dendritique. Des resultats sont obtenus et presentis en terme de nombre de 
Nusselt au point d’arrh lie aux caracteristiques de l’ecoulement par des expressions analytiques. Le flux 
thermique pour les parabolo’ides de revolution est plus important que pour les cylindres paraboliques, 
particulierement pour les faibles valeurs du nombre de P&let. Des expressions locales du flux thermique 
correspondent a la forme representant la croissance de ces configurations de dendrites isothermes dans un 
champ de convection for&.. La diffusion de quantite de mouvement et d’tnergie s’ttend a des distances 
nettement plus grandes pour les cylindres paraboliques que pour les parabolo’ides de revolution. Des 
hypotheses de couche hmite conduisent a de fortes erreurs dans les conditions 6tudiQs ici, sptcialement pour 

les fluides a faible Pr. Les resultats sont utiles pour dicrire aussi la diffusion de masse. 

WARME- UND IMPULSUBERGANG AN DENDRITISCHE STRUKTUREN (PARABOLISCHE 
ZYLINDER UND ROTATIONSPARABOLOIDE) 

Zusammenfassung-Es werden drei grundlegende theoretische Striimungsmodelle, namlich geradlinige 
StriimungnachOseen,PotentialstriimungunddieApproximationfiirdheStriimungnachOseen,entwickelt, 
urn den Warmetibergang bei erzwungener Konvektion an parabolische Zylinder- und Rotationsparaboloide 
zu berechnen, welche beim Wachstum von Dendriten eine Rolle spielen. Es werden Losungen in geschlossener 
Form erhalten und in Form von Nusselt-Zahlen am Staupunkt dargestellt, die durch analytische Ausdriicke 
mit Werten in Strdmungsrichtung in Beziehung stehen. Der Warmestrom von Rotationsparaboloiden ist vie1 
gr6Der als der von parabolischen Zylindern, besonders fiir kleine Werte der Peclet-Zahl. Ausdriicke fiir den 
iirtlichen Wlrmestrom sind konsistent mit dem formerhaltenden Wachstum dieser Konfigurationen von 
isothermen Dendriten in Feldern mit erzwungener Konvektion. Der Transport von Impuls und Energie 
erstreckt sich bei parabolischen Zylindern i&r wesentlich griiBere Entfernungen in die Striimung als bei 
Rotationsparaboloiden. Grenzschichtannahmen wiirden bei den hier untersuchten Bedingungen zu groBen 
Fehlern ftihren, besonders bei Fliissigkeiten mit niedriger Prandtl-Zahl. Die Ergebnisse eignen sich such zur 

Beschreibung des Stofftransports. 
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nEPEHOC TEI’IJIA M MMnYJIbCA IIPM BbIHYXAEHHOR KOHBEK~MM K 
.QEHAPWTHbIM CTPYKTYPAM (nAPA6OJIkfYECKME ~MJtkiHAPbI M nAPA6OflOMAbI 

BPAllJEHki5l) 

.klHOTaUHR-Pa3pa6OTaHbI TpH +yHAaMeHTanbHbIe TeOpeTH‘leCKHe MOAeJlH Fe'leHHfi, BKJIKlYaH MOAeu% 

npSlMOJIEiFfefiHOr0 TeYeHHII THIIa OSeeHOBCKOrO, MOAeflb nOTeHUAanbHOr0 TeqeHAP I( MOAeJlb TC'feHUH 

B 03eeHOBCKOM npu6ne~eHali.A.w-i ACCJIeAOBaHIISI TCnJlOnepeHOCa BbIHygAeHHOii KOHBeKUHCii K napa- 

6omwecxm I.@iJIHHApaM A napa6onoenaM BpaI4eHEifl, XapaKTepHbIM A.FIR AeHApHTHbIX 06pa30BaHHfi. 

nOJIy'IeHb1 peUIeHH5, B JaMKHyTOM BHAe, BbIpaXCeHHbIC qepe3 YHC,,a HyccenbTa A."% TOYKH TOpMOxe- 

HRII, CB113aHHbIC CO 3Ha'SeHWIIMH BHH3 n0 nOTOKy C nOMOIUbf0 aHa1HTH'leCK1(X BbIpa~eHd. BenwsHa 

TennOBOrOnOTOKa0~napa6ono~AoBBpa~e~I~~HaMHoro6onbUIe,4eM0~ napa6onHqecKAx IvL%~HA~OB. 

oco6eHHo npn 6onee tni3Ksix 3HaqeHwIx wCna nerne. noKanbHbIe 3HaqeHnfl TennoBoro noToKa 

COrnaCyK3TC5l C He Hap)‘UIWXLWiM +OpMy 06pa3OBaHHeM 3THX KOH&irypaLUifi KaK U30TepMHYeCKHX 

A&UQ~HTOB B none BbIHymAewioti KoriBeKuwf. &i+$y3fi~ kiMnynbca H 3Heprlte pacnpocTpaHaercn 

Ha 3HaYHTenbHO 6onbmee paCCTOSIHH,l B IIOTOK B CnyYae napa6oniiqecxk%x LIRJIMHApOB II0 CpaBHeHHto 
c napa6onoaAaMn BpaI.ueaan. PerueHsn c nohdoqbK) norpaHcnon Ann wccneAyeMbIx ycnosllfi ~01.~1~ 

6bI npeBecTH K 6onbuniM olII&f6KaM, OCO6eHHO B CJfyqae xHAKOCTe8 C MaJIbIMH 3HaSeHHIIMU 'iSiC:lil 

npaHAT,,% Pesy."bTaTbI MOryT TaKXC I(CnO,Ib?OBaTbCB AJIll OnHCdHHR npOWCCa W+&?HU MaCChl. 


