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Abstract—Three fundamental theoretical flow models including Oseen type rectilinear flow, potential flow,
and Oseen’s viscous flow approximation, are developed for forced convection heat transfer to parabolic
cylinders and paraboloids of revolution which are relevant to dendritic growth. Closed-form resuits are
obtained and presented in terms of Nusselt numbers at the stagnation point which are related to downstream
values by analytical expressions. The heat flux from paraboloids of revolution is much larger than that for
parabolic cylinders, especially at smaller values of the Peclet number. Local expressions for the heat flux are
consistent with the shape preserving growth of these configurations as isothermal dendrites in forced
convection fields. Diffusion of momentum and energy extends to significantly greater distances into the flow
for parabolic cylinders than paraboloids of revolution. Boundary-layer assumptions would lead to large
errors for the conditions studied here, especially for low Pr fluids. The results are useful for describing the
diffusion of mass also.

NOMENCLATURE Subscripts
e unit vectors p potential flow
h heat transfer coefficient W wall or interface
k thermal conductivity 0 far from the body
n normal to the interface x, v,z &n, ¢ directions.
Nu Nusselt number, AR/k
P pressure
Pe Peclet number, U R/a INTRODUCTION
Pr Prandtl number, v/u DeNDRITES are reporied to grow as platelets and
R tip radius needles for which the best approximations of the shape
Re Reynolds number, U, R/v are parabolic cylinders and paraboloids of revolution,
t temperature respectively. In many cases, dendrites grow by trans-
u,0,w velocity components ferring the latent heat from their interfaces to the
U, freestream velocity undercooled melt. Thus, by calculating the heat
x,y,z  coordinate axes transfer rate from the interface of the dendrite one can
X,Y,Z reduced coordinate axes. predict its growth rate providing the growth rate is
controlled by heat transfer to the melt. Sometimes
Greek symbols growth rates are affected also by kinetic and/or mass
. L transfer effects especially when the melt is a solution
o t13erma§ diffusivity of the liquid (a mixture) from which only one component is
6 d‘xmen.sxoniess temperature incorporated into the growing crystal, e.g, ice growth
v viscosity of the liquid from salt water.
&m¢  parabolic coordinate axes The first successful attempt to predict theoretically
I density of the liquid. the heat transfer rate from needle-shaped crystals was
made by Ivantsov [1]. He proved that a steady-state
Superscipts solution exists for a needle-shaped isothermal crystal

perturbed velocity.

* To whom correspondence should be directed.

growing in a shape preserving manner in an under-
cooled melt where molecular diffusion is the only
mode of heat transfer. Horvay and Cahn [2] extended
Ivantsov’s result to parabolic cylinders and elliptic
paraboloids. However, dendritic growth rarely
occurs without an accompanying fluid flow. In the
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cooled melt flow patterns may occur due to gravity or
by forced convection mechanisms.

Very few forced or natural convection heat transfer
results exist for parabolic cylinders and paraboloids
of revolution. Huang [3], made boundary layer
calculations, in which conduction along streamlines
was neglected, for natural convection heat transfer
from the stagnation region of a parabolic cylinder.
Squire [4]has given a method for calculating the forced
convection heat transfer from the stagnation region of
any cylinder, and other articles, for example Frossling
[5], are available which also include boundary-layer
theory calculations for forced convection heat transfer
from cylinders and bodies of revolution, but this work is
not applicable to low Peclet number flows.

Crystal growth phenomena under forced convec-
tion conditions have been studied experimentally by
Barduhn et al. (see refs. [3, 6-10]), Simpson et al. [11,
127 and Fujioka [13] who observed ice crystals to grow
aselliptic paraboloids with an aspect ratio of 70100 for
which a good approximation is a parabolic cylinder
with a tip radius of the order of 1-10 um. Due to the
small dimension of the crystals, the Reynolds and
Peclet numbers are very low and for such situations no
forced convection heat transfer analyses exist in the
literature which include conduction along streamlines.
The purpose of this paper is to develop some useful heat
transfer results for low Reynolds number flows over
parabolic cylinders and paraboloids of revolution.
These results are calculated from the new solutions
which are developed here for the three flow fields given
below :

(1) Oseen type rectilinear flow approximation
(ORFA);

(2) Oseen’s viscous flow approximation (OVFA);

(3) potential flow approximation.

It is shown that closed-form exact solutions exist
which satisfy the partial differential energy equations
(26),(34),(76),(78),(87) and (88), which apply to all three
flow fields and both configurations, and which also
satisly all four boundary conditions given in equations
(27), (35) or (77) for all six cases at 7 = O and  — o as
well as & = 0 and ¢ — oc. Therefore, these solutions
which are functions of  only, are valid throughout the
entire domain of both ¢ and #.

It should be noted that one obviously can use the
present results to calculate dendritic growth rates and
tip radii in the same way as boundary-layer results have
been used by Fernandez and Barduhn [6] wherein
the maximum growth principle was employed. The
application of the present results and others which
we have developed to predict dendrite behavior is a
separate topic that is now under active consideration in
our laboratory from both maximum growth and
stability viewpoints.

THEORY

The ORFA was used initially by Cole and Roshko
[14] for a circular cylinder. The flow field is assumed to
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be constant and such that the fluid does not react to the
body at all. This assumption is good for very low
Reynolds number flows of low Prandtl number fluids.
Moreover, if the Reynolds number is small due to the
small characteristic dimension of the body, this implies
that most of the fluid will be moving at the undisturbed
freestream velocity, U, and if the Prandt] number is
small most of the resistance to heat transfer lies in the
undisturbed fluid stream.

Thedifferential equation for heat transfer with Oseen
type rectilinear flow is given by

U, Vi =avV, {h
and the boundary conditions are

t =1, on the body,

t=t, far from the body.

The approximation that u = U _ seems to give fairly
good results for heat transfer from circular cylinders to
air (Pr = 0.7) at low Reynolds number (« 1) as shown
by Cole and Roshko [14] and their result is exactly the
first-order term of the matched asymptotic expansion
solution of Hieber and Gebhart [15] for the Nusselt
number for a circular cylinder at low Reynolds and
Peclet numbers. Their second-order term was negative
andrather small. Thus, Cole and Roshko’s result gives a
reasonably accurate and simple approximate solution.

Since all real fluids have finite viscosity, OVFA,
which is valid for low Reynolds number flows, was
determined. It includes viscous and first-order accel-
eration effects. The result presented here is valid
for all Prandt! numbers. First, the flow field is deter-
mined with Oseen’s approximation and then the
velocity field thus obtained is used to solve for the heat
transfer results. The validity of the results obtained
depends on how accurately the flow field is represented
by Oseen’s approximation.

Comparison of the results obtained by using the
OVFA to calculate the skin friction with Davis and
Werle’s [16] numerical solution for a paraboloid of
revolution shows that they agree fairly well up to Re
= 1.0.

With OVFA the differential equation and boundary
conditions for any geometry are given by

V:u=0 (continuity), (3a)
U, Vu= — ! Vp+vV*u (momentum transfer),
g (3)
-Vt = aV?t, (energy) 4
u=0, (=1t, on the body,
u=U,, t=1, farfrom the body.

The flow field was solved first by Wilkinson [17] for
both parabolic cylinders and paraboloids of revolution.
However, he presented only the method of solution. He
did not give the expression for the velocity explicitly. In
the present work, the results are provided in a more
complete form.
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The potential flow approximation is valid for high
Reynolds number flows of low Prandtl number fluids
like liquid metals in which dendritic growth is of great
practical importance. For these cases, the thermal
boundary layer is much thicker than the momentum
boundary layer, and outside the momentum boundary
layer, potential flow exists. Hence, most of the resist-
ance to heat transfer lies in the region where the flow
field closely approximates potential flow.

With the potential flow assumptions, the governing
differential equation and the boundary conditions for
any geometry are

u,*Vt = aVi, (6)
t =t, on the body, @
t=t, farfrom the body,

where u, is the potential flow velocity.

Figures 1(a) and (b) show the configurations con-
sidered here.

Because the body is of the form of a parabolic
cylinder (two-dimensional) or a paraboloid of revol-
ution (three-dimensional), it is convenient to use
parabolic coordinates which is an orthogonal curvi-
linear coordinate system.

Parabolic cylinders [Fig.1(a)]
For the parabolic cylinder, the following transform-
ations are made

X

e G
Z

%=Y=Y

F1G. 1(a). Forced convection heat transfer from parabolic
cylinders. The surface of the parabolic cylinder is represented
byn=1and —1.
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Under the transformation of equation (8), the surface
of the body is represented as # = 1, — 1 and the domain
outsidethebodyisgivenby0 < £ < 00, —0 < < o0,
excluding —1 << 1l,and —0 <Y < 0.

The relations between unit vectors in Cartesian
coordinates to those in parabolic coordinates for a
parabolic cylinder are given by

e, = ¢ €;— T e, ()]
V@) Y@ )T
= JET \/(ézi a1
The scale factors are given by
he = h, = RJ(E*+1?), (11)
h,=R. (12)
The heat equation is given by
1 ot 1 ot ot
BN G RN e P
o %t ) a6
= W[@ + W]-I- RaT* (13)

If ¢ is not a function of Y, then the Y-derivative terms
drop out.
The x-derivative, which is to be used explicitly, is
given by
o __& o @
X F4n*oE (E+nHon

(14)

Paraboloid of revolution [Fig. 1(b)]
The equations for the three-dimensional transform-
ation needed for a paraboloid of revolution are
x/R =X =(&—n%/2,

Y/R =Y =y sin ¢,
z/R =Z = &n cos ¢.

(15)

>

—T Y -
:)\; n:/n:(} =1 1)2;\
2 Z
.

S 24 /X A
SR <!
27 /N v N
/ R N
s’/ £1 i
/ . : :
EREED
Uso s toe

F1G. 1(b). Forced convection heat transfer from paraboloids of
revolution. The surface of the paraboloid of revolution is
represented by n = 1.
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Under these transformations, the surface of the body
is given by n = 1, and the whole domain outside the
bodyis givenby 1 < n < 0,0< ¢ < 00,0 ¢ <21

The relations between unit vectors in Cartesian
coordinates and those in parabolic coordinates are
given for a paraboloid of revolution by

_ ¢ o
S @ T &)
_ npsing &sin ¢
ST IETD T Jean
_ ncos ¢ & cos ¢
&= JE T J @)

The scale factors are given by

e (16)

i

—cos ¢e,, (17)

e,+sin ¢e,. (18)

hy = h, = RJ(E*+7?), (19)
hy = Rén. (20)
The convection equation is given by
1 ot 1 ot uy, Ot
@ TmaE @ e e
a 1 0%t 1ot ot 1ot
=E[m{5?2+:a?+w+ﬁa—n}
2

+ é%z(%tz] 21

The ¢ dependent terms drop out due to symmetry.
The x-derivative, which is used explicitly is given by
d ¢ 2 1 0

2 - g <. 2
X @ @rma P

ANALYSIS, RESULTS AND DISCUSSION

For both configurations the body is stationary, and
is represented by n = 1, and the fluid flow is in the
x-direction such that the tip of the parabola is
the stagnation point. The body surface is at the
temperature ¢, and the freestreamis at ¢ . Heat transfer
occurs from the body to the fluid in dendritic growth in
subcooled melts.

Oseen type rectilinear flow approximation (ORF A)

Parabolic cylinder. For the configuration given in
Fig. 1(a), equation (1) and the boundary conditions
[equation (2)] can be written as

%0  0%0 a0
—_— _ — _— = O, 23
oxz Tazr T Cax @3)
where
U R
X =x/R, Z=z/R, Pe= ;" , (24)
and
. Z?2—1
6 =1 on the body, ic. at X = .
2 (25)

0= 0 far from the body.
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Equations (23) and (25) can be changed to parabolic
coordinates with the help of equations (8)}(14)

30 207 L0030 o e
afz 57]2 € (%,‘”r]& =Y, ( )

and the boundary conditions become:

atp=1;60=1 body temperature,

atn - oo; 0 -0 freestream temperature,

@n

0
at £ =0; e =0 due to symmetry,
C

as & » o0 0 isfinite.

The solution to equation (26) which satisfies equation
(27) is given by

t—t,, _erfc {\/(Pe/2n}
ty—t, erfc {/(Pe/2)}
Defining the heat transfer coefficient by the ratio of

the total heat flux to the temperature difference, one
obtains

0=

(28)

ot

on|, -

n=

h(t,—t,) = —k +pU,Chlt,—t,)| - (29)
1 a=

1
where t/0n |, - , is the normal temperature gradient at
the interface of the body, and U, is the component of
velocity vector U, normal to the interface of the body.
In equation (29), the first term on the RHS is the
diffusive heat flux from the body and the second term is
the convective heat flux. The convective term arises
because the fluid passes right through the body. U, can
be estimated by taking the dot productof U e, withe,.
Equation(9)is useful in obtaining the expressionfor U .
Using equations (9) and (28) in equation (29), one
obtains

1 1 a0
hty—ty)= —klty—ty) = =
( ) ( )R\/(£2+r’2)(7'1 =1
Uco” Coltw ~t)
—p
\/(f +n%) n=1
Hence
Nug =R !
wl) = — =
ko Ja+8)

2Pe e ~Pef2
" [\/ <T> erfe {J(Pel2)} Pe} (30)

where Pe = U R/«. If the heat transfer coefficient in
equation (30) had been defined in terms of only the
diffusive contribution at the interface, then the last term
in equation (30), — Pe, would not appear.

The ORFA is valid for low Reynolds and Prandtl
number flows which implies the Peclet number (Pe) is
low,and onecan neglect the second termin the brackets
on the RHS of equation (30). For example, for
Pe = 0.01

2Pe e Fe2
\/(T) erfc {\/(Pe/lm)_}ﬂ = 0085,
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which is much bigger than Pe. So for low Peclet
numbers, equation (30) becomes

e—PeIZ

IR v [[2Pe
Nu=r=(1+8) m\/ ("E’) arfc (J(Pe/D}

At the stagnation point (¢ = 0) equation (31) gives

R \/<2Pe e~ P2
PET T\ St {J/(Pef2)}

Although the physical situation with OF RA is totally
different, the mathematical solution is seen here to be
identical to that for pure conduction with a moving
boundary as solved by Horvay and Cahn [2].

G

(32)

Paraboloid of revolution. For the configuration given
in Fig. 1(b), equation (1) and the boundary conditions,
equation (2), become

at o o
Umé;—ﬂ(‘é’;i'}‘”a?‘}'é;‘i), {33)
2, L2 /R2T
t =t, on the body, ie. at % = [(—y—t%/le-,

and

t=t, far from the body.

Changing to parabolic coordinates by use of
equations (15)(22), making equation (33) dimension-
less, and neglecting /¢ terms due to symmetry, one
obtains

a0 [1 a0 0 (1 o0
a—ég +<'E — Pe f)EE + '5""2- "l"(-’; +Pe ﬂ)% =0,
(34
with
atn=1;60=1,
asfg—oo0; 60, 35)
at £ =0; gg = () (symmetry),

as & = o0 ; 8 is finite,

where Pe = U _R/a.
The solution of equations (34) and (35) is given by

o t=te _ El(Pe/2i]
fw_tco EI[(Pe/Z)] ’

where E(x) is the exponential integral and is given by
0 Q=1
E\x) = j -"T de.

Defining the heat transfer coefficient by equation (29)
and using equations (36) and (16} in equation (29), one
obtains

(36)

(37

R 1 ,
C T A e

2e —Pe/2

Nu($) = (39
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At the stagnation point £ = 0, the Nusselt number is
given by
_hR _ 2e7F

=t P
N = =Emen) T

Figure 2 compares the result given by equations (32)
and(40), where (— Pe)inequation(40)is dropped, and it
shows the effect of shape on the heat transfer coefficient.
One sees that the heat transfer coefficient for a para-
boloid of revolution is much larger than that for a
parabolic cylinder, especially at smaller values of Pe.
The smaller differences at higher Peclet numbers occur
because convection plays a more important role in heat
transfer, and the convection field, as considered here,
is unaffected by the presence of the body, this be-
comes clear if one substitutes 88/3¢ = 0%6/8£% =0 in
equations (26) and (34), and compares the resuiting
equations for high values of Pe when 1/n« Pen
because n > 1. Thus, one can neglect 1/% in equation
(34) at high Pe and the resulting equations become
identical and yield identical results. Equations (32)and
(40) are more accurate at low Peclet numbers. However,
in Fig. 2 the results are extrapolated up to a Peclet
number of 1 for illustrative purposes.

(40)

Oseen’s viscous flow approximation (OVF A)

Here Oseen’s viscous flow approximation is applied
to parabolic cylinders and paraboloids of revol-
ution. First, it is necessary to solve for the velocity
distributions because explicit expressions are not
available. For these cases [shown in Figs. 1{a) and (b}]
the differential equations and the boundary conditions
[equations (3a) and (3b)] and equation (5) can be
written as

du Ov ow
—+—+-—=0, 41
ox dy + 0z @1)
ou 1dp Pu Pu Pu
o T —— —— e e | (4
ox pox v(8x2 M ay? + a7 “2)
i
o P2 . I
W?’ Paraboloid of Revolution
10°
-
.
<
=
é
0
-Pe/2
2Pe _ ¢ L
T afcl/rn) o) Porabolic Cylinder
1072 L I

3 1072 w07t e

Pe/2 = {U,R)/ 2a

FIG. 2. Nusselt number at the stagnation point vs Peclet
number of parabolic cylinders and paraboloids of revolution
with ORFA.
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v
ox? o 8y ezt

ov 1dp ( &%
- Vv
pady

2
+9 ”), (43)

ow
“ox

L dp *w

Y LN
v — + — —
ox? 9y ozt “44)

Here, u, v and w are the components of the velocity
vector uin the x-, y- and z-directions, respectively,and p
is the pressure. The boundary conditions are

p 0z

u=0, v=w, O on the body, 45)

u=U,, v=w=0 farfrom the body. (46)
Now if we let

u=U_-—u, (47

where w' is the perturbed velocity vector whose
components are u, ¢, and w along x-, y- and
z-directions, respectively, the boundary conditions
become

(48)
(49)

and equations (41)(44), after the transformation
X=x/R,Y=y/R,Z=z/R,and Re = U_R/v, are

u=U_ tv=w =0 onthebody,

u =19 =w =20 far from the body,

o o ow )
+ o+ S =, 50
06X oY a8z (50
o I1Rdp [0 0*w O
Remm = — =P (22 L2200 0 51
ox T T pvox (ax2 av: tazz) OV
ov’ 1R ¢ % 0% 8% .
PR R i (O S W)
(5.4 pvaY \éx* é&Y* oz
aow’ LRép [&*w  *w  &*w
ReZL - 2R (OW OW LTV (53
‘ox T vz (axz av: Yz )
If M and N are defined such that
‘M 1 N
= D, 54
“=ox Y Reax (54)
oM 1 6N
ey 55
Y + Re &Y 3
oM 1 ON
e 56
YTz TRedz 6)
and
pv oM
= _PTRET 57
p 7 Re=5 (57)

equations {50) and (53) are satisfied only if equations
{58) and (59) are satisfied

PM PM M
oM oM oM, 58
x: tavr v oz 0 (58)
&N 8N N ON
N reN 59
ax: Tave Tazr T Nax 9

Hence, the solution to Oseen’s viscous flow equation
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boils down to solving equations (58) and (59) with the
boundary conditions of equations (48) and (49).

Equations {58) and (59) are transformed to parabolic
cylinder and paraboloid of revolution coordinates by
using equations (11}+22). Here, the Y-component for
the parabolic cylinder and the ¢-component for the
paraboloid of revolution vanish. The equations so
obtained are given below:

For a parabolic cylinder, equations (58) and (59)
become

M M
— + 5 =0, 60)
(4 on
#*N  #@N N 3N}
——+ —— | = Re{é— —n—>. 61
(&52 ay,2> C{Cf)r] e Y
For a paraboloid of revolution they become
&M 1M @M 1oM
e e — e e ——— = (), 62
filda +E_ 8¢ t on? +l] on (62)
2N + 1 ON +62N + 1éN R E&N éN
— t ot s F-——=Re| E—r —g— |
07 TEoE T o T & "an
(63)

The solutions of equations (60){63) are given below :

For the parabolic cylinder

M = An+B, (64)
L]
N=C, J e Ret2 dry C,. (63)
O
For the paraboloid of revolution
M = Alog n+B8B, (66)
* e Ret22
N=C, J B dr+C,, 67)
n -

where A, B, C, and C, are the constants of integration.

The expressions for M and N were substituted into
equations (54}-(56). The resulting expressions were
made to satisfy the boundary conditions, equation {48}
at # = 1 and equation (49) at # — oo, by choosing the
proper values of the constants A, B, Cy and C,. The
perturbed velocity (u,v',w') so obtained is used in
equation (47) to give the expression for the actual
velocity. The expressions for the velocity are given
below :

For parabolic cylinders, the results in terms of e, and
e, unit vectors are

e Um[] _erfe {V(Re/2im} n

erfc {/(Re/2)}  (E2+n7)
e—;Re/Z_~C - Ren/2 Um
x {V/(ﬁ Re/2) erfc {\/(Re/2)} H Ot (&2 +n?
[ C—Reﬁ2_3~~Ren2f2
X

\/(TE Re/2) erfe { \/(Re,/Z)} ] e,. (68)
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For paraboloids of revolution the velocity vector is

2 e‘R"/z—-e‘Renzlz
" Um[l " Re(E®+n)  Ey(Re/?)
_ERer),
E\(Re/2) |~
2Uoo C sin ¢ e-Re/Z_e—Rg"2/2j|e
Re [ n(&+n")  Ei(Ref2) »
2U,| &cos o e_Re/z_e_Reﬂz/Z]
Re |:'7(€2+t12) El(Re/z) €, (69)

Inequations (68) and (69), the coefficients of e,, e, and
e, are u, v and w, respectively, and u = ue, +ve,+we,.

One can use equations (9) and (10) in equation (68)
and equations (16)(18) in equation (69) in order to
obtain u for parabolic cylinders and paraboloids of
revolution. The expressions so obtained are given
below :

For parabolic cylinders the results in terms of e, and
€, unit vectors are

" Ut l: _erfc {\/(Re/Z)n}:Ie

CJE ) erfc {\/(Re/2)} | *
U |:1 _erfc{,/(Re/2)n}
JE+19) erfc {\/(Re/2)}

1 e—Re/Z —e” Ren?/2

~ n/(nRe/2) erfc {J(Re/z)}] e (70)

Consequently

e = Uyé |: _erfe {\/(Re/Z)n}:| a1
¢ JE+n?) erfc {\/(Re/2)} |
and
erfc {\/(Re/2)n}
 erfc {\/(Re/2)}

S | [
N ()

1 e~ Re/2 _o—Ren?2
 n/(mRef2) erfc {J(Re/z)}]' (72)
For paraboloids of revolution
R [1 _Eu(Re rﬁ/z)]
VE+n?) E(Re/2)

[I_El(RenZ/z)_ 2
E,(Re/2) 4*Re

e Uyn
CJE

C—Re/2 _e—Rerlz/Z
E,(Re/2) ]""

(73)

Therefore

o Ust
NS

[1_ El(RenZ/z)]’ 4

E (Re/2)
and

P
T @+
E (Ren*/2) 2 e Rei2_g—Ren?2
x[l_ E (Re/2) _,12Re E,(Re/2) :l (75)

HMT 27:8-0
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10 — e e
(/-"
74
08
Tl 1] —_Re=400
e ; —-—Re=0.40
R ——Re=004
~
A .
3 oaph
3 |
:p o2f
]
L | 1 | i
%% 200 400 600 800
‘I’

F1G. 3. Velocity profile around parabolic cylinder with OVFA.

Inequations(70)and (73),asn — oo, u,and u, become
U, &//(E2+n%) and —U n/\/(E%+n?), respectively.
These are the components of U, along the ¢- and -
directions. In the heat transfer analysis it will be seen
that only u, is needed for both parabolic cylinders and
paraboloids of revolution. Hence, Figs. 3 and 4 are
plotted to show the variation of u, with respect to  for
different values of Re (0.01, 0.1, 1) for the parabolic
cylinder and the paraboloid of revolution. In the plot, u,
is normalized with respect to its freestream value, i.c.
— U n/+/(€* +1*). Both Figs. 3 and 4 show that for low
Reynolds numbers the momentum diffuses to a larger
distance from the surface of the body, so ‘the boundary
layer’ is thicker. The diffusion of the momentum is
larger for parabolic cylinders than it is for the
paraboloids of revolution for the same Re. However, for
both configurations, the diffusion of momentum
extends to distances into the fluid which are much
greater than the characteristic dimensions of the body
which makes it very tenuous to try to apply boundary
layer assumptions.

Substituting equations (71) and (72) in equation (13)
and dropping out the Y dependent terms, the energy
equation for parabolic cylinders is obtained as

5[1— erfc {\/(Re/2)17}i|60 3 |:1 erfc {\/(Re/2)n}
erfc {J(Re/2)} |62 | erfe {\/(Re/2)}

1 e"RP_e7Rew2 59 1[0% +529
n J(mRe/2)erfc {\/(Re/2)} [on ~ Pe| 6E% " oy |
(76)
where 0 = (t—t )/(t,—t,), and Pe= U_ R/a. The

boundary conditions are:
) atyp=1;0=1,

(2) asn—0;0-0,
n
00
(3) até=0,a—€=0,

(4) as ¢ — oo; 0 is finite.

Similarly, using equations (74) and (75), in equation
(21), and dropping out ¢ dependent terms, the energy
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FiG. 4. Velocity profile around paraboloids of revolution with OVFA.

equation for the paraboloid of revolution is obtained as

5[1— El{Ren2/2}}§§ 3 [1_ E{Ren*/2}

E {Rej2} |o¢ E,{Re/2}
2 e-Re/Z __e—Reql/Z 00
" Rep?  Ey(Ref2) }671

1 629+180+020+189 (78)

CPel ot T EaE  an* non]
Equations (77) also represent the boundary conditions
for equation (78). The solutions for both parabolic

cylinders and paraboloids of revolution are of the same
form and can be given as

(1, J: exp |:—J}1 f(2) dz:l dy

= = - (79)

bl Jm exp |:—Jy f(2) dz} dy

where
B _erfe {J/(Re/2)z}
s = e 2[1 erfo {/(Re/2)]
1 e*Re/Z“eARezz/‘Z
 zJ/(nRe/2) erfc {\/(Re/Z)}] (80)
(for the parabolic cylinder),
and

1 E,(Re z%/2)
f(z) = Pe z[1+ - E.(Re/2)

Pe z°
2 —Rej2 _ n—Rez?/27
e KZ_—e™F } @81)

T 2ZRe  E(Ref2)

(for the paraboloid of revolution®).

* For the paraboloid of revolution

r f(z) dz = Pr[1—c~R*?/E (Re/2)]

1

+[1/Pr—2e R¢2/E\(Re/2)] In y

+ ReTy [1—E,(Rey*/2)/E,(Re/2)]

@~ Rey?i2

———[1—eR»* 2 E,(Re y*/2)].
+E1(Re/2)[l e 1(Rey*/2)]

The temperature profiles, 8 vs #, for some selected
values of Re (0.1 and 1.0) and Pr (0.01, 1, 10) are plotted
in Figs. 5 and 6 for both geometries. One can see that at
lower Pr, the temperature profile extends to a larger
distance from the body and the ‘thermal boundary
layer’ is thicker. At Pr = 0.01, it extends beyond the
distance up to which momentum diffuses. One can
compare Figs. 3 and 4 with Figs. 5 and 6 to verify this.
Under these circumstances boundary-layer assump-
tions would lead to especially large errors, and mis-
leading results.

The Nusselt number is defined by the heat flux
expression given by

ot =k, —ty) a0
onl, -, RJ(E*+n?) oy n=1,

for both geometries, and using equation (79) in
equation (82), one obtains

&R
Nug) = "R

hit,—t,) = —k (82)

1

J1+&?) JL exp [— J ' (2 dZ] dy
1 1

for both parabolic cylinders and paraboloids of
revolution. Hence, the WNusselt number at the
stagnation point (¢ = 0) is given by

hR 1

Nu=— = 5= Ay S
J exp [ ~J f(2) dz} dy
1 1

Equations (83) and (84), with equation (80), give Nu for
the parabolic cylinders, and with equation (81), they
give Nu for paraboloids of revolution.

Figures 7 and 8 give the plot of Nusselt number at
the stagnation point vs Reynolds number for various
Prandtl numbers for paraboliccylinders. Figure 9 gives
the same plots for paraboloids of revolution. For both
configurations the heat transfer results for high Prandtl
number fluids are more sensitive to Reynolds number
than for low Prandtl number fluids. Comparing Figs. 7
and 9, one can see how much the shape of the body
affects the heat transfer results. Clearly, the Nu are

(83)

(84)
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Fi1G. 5. Temperature profile around parabolic cylinders with OVFA.
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Fi1G. 6. Temperature profile around paraboloids of revolution
with OVFA.

larger for paraboloids of revolution ; especially at high
Pr and low Re.

Potential flow approximation

The potential flow velocity u, for parabolic cylinders
is given by Van Dyke [18] and that for paraboloids of
revolution is given by Milne-Thomson [19]. In the
present work, their potential flow velocity expressions
are modified to represent the flow field for the con-
figurations given in Figs. 1(a) and (b). They are

o = Uooé e — Uao(r’_l)e
P JE+) T S+

(for parabolic cylinders),

85)

2.8
2.0h
-2
~
a
=
"
2 soF
0.0 i
004 0.40 1.00
Re = UL,R/v

F1G. 7. Nusselt number at the stagnation point vs Reynolds
number for parabolic cylinders with OVFA.

0.26
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n
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2
040}
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FiG. 8. Nusselt number at the stagnation point vs Reynolds
number for parabolic cylinders with OVFA (low Prandtl
number results).

and
W Usl Ul
PJE) T @ )

(for paraboloids of revolution).

(86)

In equations (85) and (86), the coefficient of e; is u,,

and that of e, is u,, because u, = u,. e,+u,, €, By
5 el
o aF Pr =400
% 4
w 3
2
o 1
= 1
—’____——,___/o_4
C I 0.04
004 0.0 1.00
Re=U_R/v

FIG. 9. Nusselt number at the stagnation point vs Reynolds
number for paraboloids of revolution with OVFA.
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using the values of u,, u,, from equation (85) in
the convection equation for parabolic cylinders, and

making the resulting equation dimensionless. one
obtains
0 al 00 820
Pe[iv—(n—l)r —(55+55) ©n
o¢ cn 3ET 0 n

The dimensionless potential flow convection
equation for heat transfer to paraboloids of revolution
is given by

[ n*—100
fs“nan]
%0 100 8%°0 160
:<552+5(,5+9 +n5') (88)

The boundary conditions for equations (87) and (88)
are the same as equations (77), and the solutions are
given below in analytical form

(—t, Pe
0= fw—f; = erfc |:\/(2>(11— 1)} (89)

(for parabolic cylinders),

_t—t,  T(Pej2, Pe n%/2)
0= tw—1,  T(Pe/2, Pej2) 40)

(for paraboloids of revolution),

where the incomplete gamma function, I'{(a. x) is
defined by

INa, x) = f e " tdt;a>0. 91)

x

Defining the Nusselt number by equation (82) and
following the identical procedure used before, one

obtains for parabolic cylinders
h ! 2P
(IR - Pe) oy
ko J1+& n

which at the stagnation point becomes

hR \/<2Pe>
Nu=-—= [[Z=).
k n

For paraboloids of revolution, the Nusselt number is
given by

Nu(¢) =

(93)

L _HOR 1 APette M2
Nu(g) = k JL+E) T(Pef2, Pef2) . (94)

which at the stagnation point becomes

~Pei2

hR 2(Pe/2)”"’2 :

= = (95)
k  T(Pef2, Pef2)

Figure 10 represents the expression for the Nusselt
number for both parabolic cylinders and paraboloids of
revolution, as given by equations (93) and (95).

Again it is seen that the Nusselt number for
paraboloids of revolution is much larger than that for
parabolic cylinders, especially at smaller values of Pe.

SACHINDRA KUMAR DaAsH and WiLLiam N. GIiLL

2
10 1
2(Pe/2)Pe,2 e-Pe/Z
T'(Pe/2, Pes2)
10° — Paraboloid of Revolution
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=3 10—1 |- L
= )
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i
02 ! ! | j

1073 1072 107! 10° 10'
Peclet Number = (U_R/a)

FiG. 10. Nusselt number at the stagnation point vs Peclet
number for parabolic cylinders and paraboloids of revolution
with the potential flow approximation.

SUMMARY

Analytical solutions have been obtained for con-
vective heat transfer to parabolic cylinders and para-
boloids of revolution which should be useful in various
applications including developing further our under-
standing of the effects of convection on dendritic
growth. For all flow models studied, heat transfer rates
to paraboloids of revolution are substantially higher
than to parabolic cylinders, especially at lower values of
the Peclet number.

Itis noteworthy that the behavior of the heat fluxasa
function of position along the surface of the isothermal
body is consistent with it growing in a shape preserving
manner if heat transfer is the controlling mechanism.
The results obtained here can be generalized from
constant to variable surface temperature bodies by
using the Duhamel superposition theorem.

Using the OVFA it is shown that the diffusion of
momentum and energy extends to large distances
(compared to the tip radius of the body) into the fluid
stream, and therefore boundary layer type analyses
would be tenuous at best especially for liquid metals.
Consequently we have determined solutions for
velocity and temperature distributions which do not
include boundary-layer approximations.
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CONVECTION THERMIQUE FORCEE ET TRANSFERT DE QUANTITE DE MOUVEMENT
POUR DES STRUCTURES DENDRITIQUES (CYLINDRES PARABOLIQUES
ET PARABOLOIDES DE REVOLUTION)

Résumé— Trois modéles théoriques fondamentaux incluant le type d’écoulement rectilinéaire d’Oseen,
I’écoulement potentiel et I'approximation du fluide visqueux d’Oseen, sont développés pour le transfert
thermique par convection forcée a des cylindres paraboliques et des paraboloides de révolution qui
représentent une croissance dendritique. Des résultats sont obtenus et présentés en terme de nombre de
Nusselt au point d’arrét lié aux caractéristiques de 'écoulement par des expressions analytiques. Le flux
thermique pour les paraboloides de révolution est plus important que pour les cylindres paraboliques,
particuliérement pour les faibles valeurs du nombre de Péclet. Des expressions locales du flux thermique
correspondent 2 la forme représentant la croissance de ces configurations de dendrites isothermes dans un
champ de convection forcée. La diffusion de quantité de mouvement et d’énergie s’étend a des distances
nettement plus grandes pour les cylindres paraboliques que pour les paraboloides de révolution. Des
hypothéses de couche limite conduisent 4 de fortes erreurs dans les conditions étudiées ici, spécialement pour
les fluides a faible Pr. Les résultats sont utiles pour décrire aussi la diffusion de masse.

WARME- UND IMPULSUBERGANG AN DENDRITISCHE STRUKTUREN (PARABOLISCHE
ZYLINDER UND ROTATIONSPARABOLOIDE)

Zusammenfassung—Es werden drei grundlegende theoretische Strémungsmodelle, nimlich geradlinige
Stréomungnach Oseen, Potentialstrémung und die Approximation fir zihe Strdmung nach Oseen, entwickelt,
um den Wirmeiibergang bei erzwungener Konvektion an parabolische Zylinder- und Rotationsparaboloide
zu berechnen, welche beim Wachstum von Dendriten eine Rolle spielen. Es werden Losungen in geschlossener
Form erhalten und in Form von Nusselt-Zahlen am Staupunkt dargestellt, die durch analytische Ausdriicke
mit Werten in Strémungsrichtung in Beziechung stehen. Der Wirmestrom von Rotationsparaboloiden ist viel
groBer als der von parabolischen Zylindern, besonders fiir kleine Werte der Peclet-Zahl. Ausdriicke fiir den
ortlichen Wirmestrom sind konsistent mit dem formerhaltenden Wachstum dieser Konfigurationen von
isothermen Dendriten in Feldern mit erzwungener Konvektion. Der Transport von Impuls und Energie
erstreckt sich bei parabolischen Zylindern iiber wesentlich groBere Entfernungen in die Strdmung als bei
Rotationsparaboloiden. Grenzschichtannahmen wiirden bei den hier untersuchten Bedingungen zu groBen
Fehlern fithren, besonders bei Fliissigkeiten mit niedriger Prandtl-Zahl. Die Ergebnisse eignen sich auch zur
Beschreibung des Stofftransports.
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NMEPEHOC TEIUJIA ¥ UMITYJIBCA T[PHU BBIHYXIEHHO! KOHBEKLUU K
JEHAPUTHBIM CTPYKTYPAM (ITAPABOJIMUECKUE ITWJINMH/PbI U NMAPABOJIOW]IbI
BPAIIEHUA)

Annoraums—Pa3paboTaHbl TPH (YHIAMEHTAIbHbIE TEOPETUHECKHE MOEH TEUEHHH, BKIIOUas MOJEb
NPAMOJIMHEHHOIO TEYEHUsl THIIA O3E€HOBCKOTrO, MOAENb NOTCHUHAILHOIO TEHEHHS H MOJIE/Ib TEHEHHs
B 03€€HOBCKOM IPUOJIMMKEHHH, IS MCCIICIOBaHUS TEIIONePEeHoca BhIHYXAECHHOH KOHBEKUMEN K napa-
60IMYeCKMM LHTHHAPaM M napaboJionaaM BpAaLUEHHs, XapaKTEPHbIM 1 ACHAPHTHLIX 0Opa3oBaHuit.
[TostyyeHbl pellieHHs B 3aMKHYTOM BHJE, BbIpaXeHHble uepe3 uucna Hyccenbra Muis TOYKHM TOopMoOxe-
HMSI, CBA3AHHBIE CO 3HAYEHHSIMH BHM3 110 ITOTOKY C IOMOIIBLIO aHAIMTHYECKHX BbipaxeHui. Benuunna
TENIOBOTO NIOTOKA OT Napabo/ionJ0B BpalileHH HAMHOT' O H0Ibilie, 4€M OT Napabo/IMuecKUX HH/IHHAPOB,
ocobenHo npu Oosiee HU3KMX 3HaveHHsAX 4ucia [lexne. JlokasbHble 3HaueHHs TENJIOBOTO MNOTOKA
COracyloTCs ¢ He HapylawolwmM ¢opmy oOpa3’oBaHMEM 3ITHX KOHQHrypauuit kKax H3OTEPMHUECKHX
JEHAPHTOB B NOJi€ BBIHYXICHHOH KoHBeKUMH. JIuddy3us MMIysibca H JHEPIMH PacIpOCTPAHSETCH
Ha 3HAYHTENLHO GOJIbILIME PACCTOAHHA B MOTOK B Cilyvae napabo/MuecKHX LHIHHIPOB 110 CPABHEHHIO
¢ napabonouaamu BpaiueHns. PellieHus ¢ NOMOIIbIO MOTPRHCION LIS HCCIEAYEMbBIX YCAOBHA MOTJH
6bl NpUBECTH K OoMbIUMM OLUOKaM, OCOOEHHO B Ciydae KMIKOCTeH ¢ MajibIMH 3HAUYCHHSMH “HCIA
MpasaTas. PesynpTaThl MOTYT TaKke MCHOJB30OBATHCS JUIA ONUCAHUA npouecca Auddysun Macchl.



